SM Hyperbolic Functions - Calculus

Differentiating Inverse Hyperbolic Functions

Example

Differentiate y = sinh ™! x

Alternatively,
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Example

1
Integrate f ———dx
Va? + x?
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Example

Differentiate y = cosh™' x

= coshy =x
= sinh 4y 1
1 — =
Yix
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- dx ~ sinhy
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\Jcosh?y —1
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x2-1

Alternatively,

p=cosh™x

=In(x+ Vx2-1)
dy _ 1

dx  x4Vx2-1
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2

1 ( X )
1+
x+Vx2-1 Vx2 -1
1 Vx2-1+x

x+Vx2-1 Vx2-1

B 1
x2 -1
Example
1
Integrate J ——dx
Vx2_ g2
d 1 " inh
x:acoshu,—x:asinhu J—dx: i du
du Vx? —a? J Va2cosh?u — a2
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Example

Differentiate y = tanh™ x

y=tanh " x
tanhy = x
d
sechzyd—i =1
dy 1
dx sech®y
1
1 —tanhzy
1
T 1-x2

Example

1
Integrate | ———dx
& J a? —x?

dx
x =atanhu, —
du

Alternatively

1
J.—az_xzdx:
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S|
Evaluate f dx
0 V9+x2
4 4
1 X
dx = [sinh_1 (— )]
J; V9 + x2 3/1o
4
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Example
1
Integrate J dx
Va2 +x

j;dx_j—l dx
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Example

1
Find d
n J7sinhx+3coshx—9 *

We could try and find a Rsinh(x + «) expression for the denominator, but it is easier to convert everything to
exponentials and substitute u = e*



SM

Hyperbolic Functions - Calculus

~N
Tip (Useful Substitutions)
Some helpful substitutions for integrating tougher integrals:
Expression ‘ Substituion
a’ + x? X =atanu or x = asinhu
o — " x=asinu
x? —a? x=acoshu
1 1
Jﬁdx = —tarfl (E)‘F C
a’+x a a
1 X
——dx =sinh™! (—) +C
f Va? + x? &
1 2
f Va2 + x2dx = >X a?+x? + %sinh_1 (E)+ C
a
1 .1
J-\/ﬁdX—sm (E)+C
1 2
J Va? —x2dx = ExVaz -x2+ %sin_1 (f)+ C
a
1 x
S
f Ny X =cos p +C
1 2
J Vx2 —a?dx = >X Vx2 —qg2 - %cosh_1 (E)+ C
a
.
\
Tip (Useful Integration by parts)
Integrate by parts ‘;—z =1,v = f(x) to get x x f’(x) which we can integrate
Jlnxdx =[xlnx] - j (x —)dx
r r 1
- -
sin™ xdx = [xsin” x|[- | |x- dx
J [ ] J ( Vi —xz)
r r -1
cos L xdx = [xcos_1 x] - (x- )dx
J J 1—X2
( r 1
tan~! xdx = [xtan_l ]— (x )dx
J J 1+x2
[ sinh~! xd ['h‘l]P( ! )d
sinh™ xdx =|xsinh™ x|- | |x- X
J J Vl +x2
f 1 1 [ 1
cosh™ xdx = [xcosh_ x] - (x- )dx
J J x2-1
[ 1 1 f 1
tanh™ xdx = [xtanh_ x] - (x )dx
J J 1 —xz
4
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4 N\
Tip (Integration by Parts to Remove a function)

fxcosxdx =[xcosx]— jl -sinxdx

Jx” cosxdx = [x"cosx] - f nx"Lsinxdx

fxexdx: [xex]—Jl-exdx

-
4 )
Tip
Things you should always think about when integrating:
e Can I use partial fractions?
* Does the numerator look like the derivative of the denominator? [In(-)]
* Can I complete the square?
* Does it look like one of the substitutions above?
* Can I integrate by parts?
(N J




